NON-EXISTENCE OF MULTIPLE-BLACK-HOLE SOLUTIONS 
CLOSE TO KERR-NEWMAN 
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Abstract. We show that a stationary asymptotically flat electro-vacuum so- 
lution of Einstein's equations that is everywhere locally "almost isometric" to 
a Kerr-Newman solution cannot admit more than one event horizon. Axial 
symmetry is not assumed. In particular this implies that the assumption of 
a single event horizon in Alexakis-Ionescu-Klainerman's proof of perturbative 
uniqueness of Kerr black holes is in fact unnecessary. 
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1. Introduction 

The goal of the present paper is to provide a justification for the intuitively 
obvious fact that 

A stationary electro-vacuum space-time that is everywhere almost 
isometric to Kerr-Newman can admit at most a single event hori- 
zon. 

Roughly speaking, we do not expect small perturbations of the metric structure 
to allow the topology (of the domain of outer communications) of the solution to 
change greatly. Or, slightly differently put, we expect that Weyl's observation for 
multiple-static-black-hole solutions remain true in the stationary case, that along 
the axes connecting the multiple black holes, the local geometry should be very dif- 
ferent from what is present in a Kerr-Newman solution. In practice, however, one 
needs to be specific about what almost isometric means. This shall be described 
later in this introduction. As a direct consequence of the main result from this 
paper, we can slightly improve the main theorem of Alexakis-Ionescu-Klainerman 
[AIKlOaj to remove from it the assumption that the space-time only has one bi- 
furcate event horizon. A secondary consequence of the current paper is that it 
casts some new light on the tensorial characterisations of Kerr and Kerr-Newman 
space-times due to Mars |Mar99| and the first author |Won09b] . 

I.l. History and overview. The greater setting in which this paper appears is in 
the study of the "black hole uniqueness theorem". Prosaically stated, the theorem 
claims that 

The only stationar'^ electro-vacuum asymptotically flat space-times 
are described by the three-parameter Kerr-Newman family. 

The expectation that one such theorem may be available goes back at least to 
Carter's lecture |Car73| . where a first version of a "no hair" theorem was proven; 
the hypotheses for this theorem assumes, in particular, that the space-time is ax- 
isymmetric in addition to being stationary. For siatitQ solutions a general unique- 
ness theorem was already established without additional symmetry assumptions by 
Israel |Isr671 IIsr68| . By appealing to Hawking's strong rigidity theorem (see next 
paragraph), however, one can assume (with some loss of generality) that any rea- 
sonable stationary black-hole space-time is in fact axisymmetric. This additional 
symmetry can be used to great effect: for the Kerr-Newman solutions the station- 
ary Killing field is not everywhere time-like due to the presence of the ergoregions. 
Thus a symmetric reduction of Einstein's equations with just a stationarity assump- 
tion (as opposed to a staticity one) is insufficient to reduce the hyperbolic system 
of equations to an elliptic one, for which uniqueness theorems are more readily 
available (or widely known). With the additional axial symmetry, the equations of 
motions for general relativity can be shown to reduce to that of a harmonic map 
|Bun83l lMaz821 FCarSSi IRob75| . for which elliptic techniques (maximum principle 
etc.) can be used to obtain the uniqueness result. For a modern discussion one 
can consult Heusler's monograph |Heu96| in which various natural generalisations 
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of this method are considered. For sonie more historical notes and critical anal- 
ysis of these more classical results, a good reference is |Chr94| . More recently, 
Costa in his PhD dissertation [CoslO] gave a complete and modern derivation of 
the black hole uniqueness theorem, in the formulation which is amenable to the 
approach described above (namely first establishing axial symmetry and then ob- 
taining uniqueness using elliptic methods). 

One of the main shortfalls of the above approach is that Hawking's rigidity the- 
orem, as originally envisioned, requires that the space-time be real analytic. Thus 
the result established for black hole uniqueness is conditional on either the space- 
time being a priori axisymmetric, or real analytic. To overcome this problem, 
lonescu and Klainerman initiated a program to study the black hole uniqueness 
problem as a problem of "unique continuation"; namely, one considers the ill-posed 
initial value problem for the Einstein equations with data given on the event hori- 
zon and try to demonstrate a uniqueness property for the solution in the domain 
of outer communications (outside the black hole). Their first approach to this 
problem [IK09b, .IK09a ] (see also the generalisation by the first author [WonOQa] ) 
provided a different conditional black hole uniqueness result: instead of demanding 
the space-time be axisymmetric or real analytic, the extra condition is provided by, 
roughly speaking, prescribing the geometry of the event horizon as an embedded 
null hypersurface in the space-time. Through unique continuation, this boundary 
condition suflaces to imply that the so-called Mars-Simon tensor [MarQQl IWonOQb] 
vanishes everywhere, which shows that the exterior domain of the space-time is 
everywhere locally isometric to a Kerr(-Newman) black hole. A second approach 
to this problem was later taken together with Alexakis [AIKlOal lAIKlOb] . where 
under the assumption that the Mars-Simon tensor is "small" one can extend Hawk- 
ing's rigidity theorem to the non-analytic case (see also the generalisation by the 
second author |YulO| ). By appealing to the axisymmetric version of the black hole 
uniqueness theorem, this last theorem returns us to a statement similar to Carter's 
original "no hair" theorem: there are no other stationary electro-vacuum asymp- 
totically flat space-times in a small neighbourhood of the Kerr-Newman family. 
One of the technical assumptions made in [AIK10a_ is that the space-time admits 
only one connected component of the event horizon; in this paper we remove that 
assumption. 

The arguments described in the previous paragraph relied upon a tensorial lo- 
cal characterisation of the Kerr-Newman space-times due to Mars and then to the 
first author f Mar991 1 Won09b] . In those two papers, that a region in a stationary 
solution to Einstein's equations is locally isometric to a Kerr (-Newman) space-time 
is shown to be equivalent to the vanishing of certain algebraic expressions relating 
the Weyl curvature, the Ernst potential, the Ernst two form, and the electromag- 
netic field. It is clear from the algebraic nature of the expression that if the metric 
of a stationary solution and the electromagnetic field are close to that of a 
Kerr-Newman space-time in local coordinates, the algebraic expressions will also 
be suitably small. The converse, however, is not obviously true: the demonstra- 
tion in |Mar99| IWon09b] constructs a local coordinate system by first finding a 
holonomic frame field, and hence exact cancellations, and not just approximate 
ones, are necessary to guarantee integrability. As already was used in [AIKlOaJ, 
and generalised further in the current paper, we show what can be interpreted as 
a partial converse. In particular, we show that one can reconstruct the analogue 
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of the r coordinate of Boyer-Lindquist presentation of the Kerr-Newman metric 
with the expectation that it behaves similarly to said r coordinate. Critically used 
in [AIKlOa] and [YulO] is that the level surfaces of this "analogue-r" have good 
pseoduconvexity properties for a unique continuation argument; in this paper we 
use the property that the "analogue-r" function behaves like the distance function 
from a large sphere near infinity, and cannot have a critical point outside the event 
horizons. 

That some analogue of the r coordinate plays an important role in black hole 
uniqueness theorems is not new. They typically appear as the inverse of the Ernst 
potential, and are used implicitly in Israel's proofs for the static uniqueness the- 
orems [Is?67l ITct68) (see also |Rob77| ISim85| luA92) which share some motivation 
with the present paper) . Incidentally, the proof by Miiller zum Hagen and Seifert 
|MS73j of non-existence of multiple black holes in the static axi-symmetric case also 
employs the properties of some analogue of this r function; whereas we (as will be 
indicated) use a mountain-pass lemma to drive our non-existence proof, Miiller zum 
Hagen and Seifert employed a force balance argument that is somewhat reminiscent 
of the recent work of Beig, Gibbons, and Schoen |BGS09) . 

In the present paper we show that multiple stationary black hole configurations 
cannot be possible were the solution to be everywhere (in the domain of outer com- 
munications) be locally close to, but not necessarily isometric to, Kerr-Newman so- 
lutions. We would be remiss not to mention the literature concerning the case where 
the "smallness parameter" of being close to Kerr-Newman solutions is replaced by 
the restriction of axisymmetry. On the one hand we have the construction (see 
|Wei90|, IWei92| IWei96) and references therein) of solutions with multiple spinning 
black holes sharing the same axis of rotation, which may be singular along the axis 
(see also |Ngull| for an analysis of their regularity property) . This construction uses 
again the stationary and axial symmetries to reduce the question to the existence 
of certain harmonic maps with boundary conditions prescribed along the axis of 
symmetry and the event horizon. On the other hand we also have the approach by 
studying the Ernst formulation of Einstein's equations in stationary-axisymmetric 
case, and using the inverse scattering method to obtain a non-existence result; see 
|NH091 INH12| and references therein. 

One last remark about the theorem proved in this paper. A posteriori, by com- 
bining the results of the present paper with [AIKlOa] and the axisymmetric unique- 
ness result of [Cos 10) . we have that the only space-times that satisfy our hypotheses 
are in fact the Kerr-Newman solutions. Hence while it is a priori necessary to state 
our theorem and perform our computations in a way that admits the possibility 
such additional non-Kerr-Newman solutions exist, one should not try too hard to 
precisely imagine such additional solutions. 

1.2. Main idea of proof. We will not state the full detail of the main theorem 
until Section 12.21 seeing that we need to first clarify notations and definitions. 
Suffice it to say for now that under some technical assumptions (a subset of that 
which was assumed in [AIKlOaj ) and a smallness condition (that the space-time 
is everywhere locally close to Kerr-Newman), the event horizon of a stationary 
asymptotically flat solution to the Einstein-Maxwell equations can have at most 
one connected component. 

We obtain the conclusion by studying a Cauchy hypersurface of the domain of 
outer communications of such space-time. We show that its topology must be that 
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of M"^ with a single ball removed. We argue by contradiction using a "mountain 
pass lemma" applied to the function we denote by y, representing the real part of 
the inverse of the Ernst potential. We will show 

• Firstly, the function y is well-defined in the domain of outer communica- 
tions. Noting that y is defined by the inverse of the values of a smooth 
function, we need to show that the Ernst potential does not vanish. This 
will occupy the bulk of the paper. 

• Secondly, we need to show that y satisfies the hypotheses of a mountain 
pass lemma. To do so we use quantitative estimates derived from the small- 
ness conditions. On the domain of outer communications of Kerr-Newman 
space-time, the function y attains its minimum precisely on the event hori- 
zon, and does not admit any critical points outside the event horizon. We 
show that these properties remain approximately true for our solutions. 

• Lastly, to conclude the theorem, we observe that were there to be more than 
one "hole" in the Cauchy hypersurface, the function y must be "small" along 
two disconnected sets (the event horizons), and "big" somewhere away from 
those two sets. By the mountain pass lemma y must then have a critical 
point, which gives rise to the contradiction. 

2. Preliminaries 

We begin with definitions. A space-time {M, gab) — that is, (i) a four-dimensional, 
orientable, para-compact, simply-connected manifold endowed with (ii) a Lorentzian 
metric gab with signature ( — I — h-l-) such that (A^, gab) is tinie-orientable — is said to 
be electro- vacuum if there exists a (real) two-form Hab on M called the Faraday ten- 
sor such that the Einstein-Maxwell-Maxwell (to distinguish it from non-linear elec- 
tromagnetic theories such as Einstein-Maxwell-Born-Infeld (Kie04a[|Kie04bi|Spe08j ) 
equations are satisfied: 

mcab^2HaMb^-\gabH,,H^'' 

{H + i*H)ac{H ~i*Hy) 

V^{H + l*H)ac = Q 

where * is the Hodge-star operator: *H ^Eabcd.H'^'^ with Eabai the volume form 
for the metric gab- On a four-dimensional Lorentzian manifold, Hodge-star defines 
an endomorphism on the space of two-forms which squares to negative the identity. 
Hence we can factor over the complex numbers and call a complex-valued two- 
form Xab (anti-)self-dual if * Xab = {—)iXab- (See Section 2.1 in |Won09b] for a 
more detailed discussion of self-duality.) Observe that Hab + i* Hab is anti-self-dual. 
So equivalently we say the space-time is electro- vacuum if there exists a complex, 
anti-self-dual two-form Hab such that 

(2.0.1a) mcab = macfib" 

(2.0.1b) V'-Hac = . 

One can easily convert between the two formulations by the formulae 2'Hab — 

Hab + i*Hab, and Hab — Hab + Hab- 

Throughout we will assume the electro- vacuum space-time {M, gabiHab) admits 
a continuous symmetry, that is, there exists a vector field on A4 such that the 
Lie derivatives £tgab = (f is Kilhng) and £tHab — 0. 
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We will use Cabcd to deiiote the Weyl curvature, and Cabcd — 2{^abcd + '^*Cabcd) 
its anti-self-dual part (see Section 2.2 of |Won09b) V For an arbitrary tensor field 
^bi b'' write for its Lorentzian norm relative to the metric gab, extended 
linearly to complex-valued fields. Hence for real Z, Z^ may carry either sign; for 
complex Z, can be a complex number. We also define 

^abcd ■— -^{9ac9bd ~ 9ad9bc + i^abcd) 

the projector to, and induced metric on, the space of anti-self-dual two-forms. We 
also introduce the short-hand 

(2.0.2) {X®y)abcd \{Xabycd + yabX^d) " J^afccd A-.^J^-^-^ 

which combines two anti-self-dual two-forms to form an anti-self-dual Weyl-type 
tensor. 

Two important product properties of anti-self-dual two-forms that will be used 
frequently in computations are 

(2.0.3) XacXb^ = XhcXg^ , 

(2.0.4) Xacyb' + ya,cXi,' = \9abX,dy"' ■ 

Lastly the symbols 5ft and 3 will mean to take the real and imaginary parts 
respectively. 

2.1. The "error" tensors. Now, since H solves Maxwell's equations, it is closed. 
Cartan's formula gives 

di^K + LfdT-L — £tH 

and hence by our assumptions itT~L is a closed form. Since we assumed our space- 
time is simply connected (a reasonable hypothesis in view of the topological censor- 
ship theorem |FSW93) since we will only consider a neighborhood of the domain of 
outer communications), up to a constant there exists some complex- valued function 
S such that dS = utH. 

Observe that since t° is Killing, V atb is anti-symmetric. Define Fab = '^atb + 
^Eabcd^'^t'^- Now we define the complex Ernst two- form 

(2.1.1) Tab Tab - ^^nab ■ 

One easily checks that J- also satisfies Maxwell's equations, by virtue of the Jacobi 
equation for the Killing vector field t"", which implies that V^Fab — —RiCab^"' ■ Thus 
analogous to how S is defined, we can define (again up to a constant) cr to be a 
complex valued function such that da — itT called the Ernst potential. 
The main objects we consider are 

Definition 2.1.2. The characterization or error tensors are the following objects 
defined up to four normalizing constants: the two complex constants in the def- 
inition of CT and S, a complex constant k, and a real constant /i. We define the 
two-form B and the four-tensor Q by 

(2.1.3a) Bab := I^J^ab + 

(2.1.3b) Qabcd ■■= Cabcd + ^(-7^«)-7^)afccd 
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These tensors are the natural generahzation of the Mars-Simon tensor |Mar99[ 
ISim84| IIK09a| which characterizes Kerr space-time among stationary solutions of 
the Einstein vacuum equations. More precisely, we have the following theorem due 
to the first author [ Won09bJ . 

Theorem 2.1.4. Let {M, gab,'Hab) be an electro-vacuum space-time admitting the 
symmetry t". Let U d Ai be a connected open subset, and suppose there exists a 
normalization such that on U we have <t 7^ 0, B = 0, and Q = 0. Then we have 

t'^ + 23?f7 + -t^^^ + 1 = const. and J"^ + 4cr'' = const. 

//, furthermore, both the above expressions evaluate to 0, and t° is time-like some- 
where on U , then U is locally isometric to a domain in Kerr-Newman space-time 
with charge n, mass 11, and angular momentum fiV^, where 

2 / -, X 2 

II. ^ I I \ 

21 



is a constant on U . 



Remark 2.1.5. Algebraically the definitions given herein are normalized differently 
from the definitions in |Won09b| . For k by rescaling one can see that the 
statements in the above theorem are algebraically identical to the hypotheses in 
the main theorem in |Won09b] . For k = it is trivial to check that the conditions 
given above reduces to the case given in |Mar99] . 

Remark 2.1.6. The condition that is time-like somewhere on U can be relaxed to 
the condition that there is some point in U where is not orthogonal to either of 
the principal null directions of J-. Also note that asymptotic flatness is not required 
for the theorem. 



In view of Theorem 12.1.41 we expect to use the tensors B and Q as a measure of 
deviation of an arbitrary stationary electro- vacuum solution from the Kerr-Newman 
family. Indeed, the main assumption to be introduced in the next section is a 
uniform smallness condition on the two tensors. In fact, we say that 

Definition 2.1.7. A tensor Xai...ak is said to be an algebraic error term if there 
exists smooth tensors A^ai...aJ"', A^ai...aJ"^'^ , and A^ai...aJ"''^'^ such that 



X — A^^^ -I- A^'^^ '"^'^XIuK .J 4- /l(^) bcdeQ 



bcde 



Morally speaking, an algebraic error term is one that can be "made small" by 
putting suitable smallness assumptions on the error tensors. In view of the indefi- 
niteness of the Lorentzian geometric, the smallness needs to be stronger than small- 



ness in "Lorentzian norm"; see Assumption (KN) in the next section. Of course, we 
note that should the No-Hair Theorem (see |CoslO| for a modern discussion; also 
|Chr94l IChr96l IBun83l ICar73l ICar85l IMaz82l IRob75p be proved in the smooth 
category (as opposed to the state-of-the-art that only holds for real-analytic space- 
times), then with some reasonable conditions imposed on the space-time B and 
Q must vanish identically. 

Following the definition by Equation (|2.1.3ap . we immediately have 

Lemma 2.1.8. The exterior derivative dV of the potential sum V := k(t + 2^S is 
an error term. 
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For conciseness, we will also use the notation 
(2.1.9) Pn:^2RE-fi, 
and define the real-valued quantities y, z such that 

y + iz :— —G^^ 

when the right-hand side is finite. For motivation, we mention the main lemma 
used in proving Theorem 12. 1.41 

Lemma 2.1.10 (Mars-type Lemma |Won09b] ). Under the assumptions of The- 
orem \2.1.Ji\ with the requirement that the two expressions evaluate to 0, we have 
g"-''"^ aV"^ bZ = and 

^ ' ~ fi^y^ + z^ " ^2 y2 + ^2 

for the constant 21 as given in Theorem \2.1.^\ 

Compare the above lemma to Lemma r2.3.12l For the expression involving (Vz)^, 
we note that 21 is now no longer a constant, but almost so. For the expression 
involving (Vy)^, we apply (|2.3.10b[) of CoroUarv 12 .3 . 91 and pick up a few additional 
error terms. For the statement about orthogonality of Vy and Vz, see (|2.3.10ap of 
Corollary Em 

2.2. Geometric assumptions and the Main Theorem. Now we provide the 
precise set-up for our main theorem. 

(TOP) We assume that there is a embedded partial Cauchy hypersurface S C 
M. which is space-like everywhere. To model the multiple black holes we 
assume, in view of the Topology Theorem |GS06) . that S is diffeomorphic to 
M.^ \ u'^j^Si, which is the Euclidean three-space with finitely many disjoint 
balls removed. We denote the diffeomorphism by 

and require that t is the total number of black holes. Each Bi is a ball 
centered at bi with radius i. We also required that \hi — hj\ > 2 when 
i ^ j- Near infinity of R"^ we use the usual Euclidean coordinate func- 
tions {x^,x'^,x^) with the convention r = (x^)^ + [x^)^ + (a;'^)^). Thus 
for large enough Ro the set E{Ra) := {p e R'^ \ u|^]^i?i|r > Rq} is unam- 
biguously R'^ with a large ball removed. 

Furthermore we assume that for sufficiently large Rq, the Killing vector 
field t"' is transversal to E{Ra), and thus by integrating along the symmetry 
orbits we extend a diffeomorphism 

$ : R X E{Ro) ^ TW™"^ 

where A^""'^ is an open subset in A4 which we call the asymptotic region. 
In particular this defines local coordinates {x'^,x^,x'^,x^) on /A°'^'^ with 
t = do. 

(AF) In view of the dipole expansions in |MTW73"] (see also fBS81]), we assume 
the following asymptotic properties for the metric and Faraday tensors in 
the local coordinates on tW""^. The notation Ofc(r™) stands for smooth 



MULTIPLE BLACK HOLES 



9 



functions / obeying f\ < r™ '^1 for any multi-index /3 with < < k. 
The metric components are 



5(0)(0) = -l + 2i\/r-i + 04C 



r 



(2.2.1) { 3(o)w =-2E-fe=i£..fe^^'^'^"' + 04(r-3) 

={l + 2Mr-^)S,,+Oiir-^) 

where (S*^, S*^, S*^) form the angular momentum vector and Sijk is the fully 
anti-symmetric Levi-Civita symbol with 3 indices. M > is, of course, the 
ADM mass. Using the gauge symmetry of the Maxwell-Maxwell equations, 
we shall apply a charge conjugation and assume that the space-time carries 
a total electric charge q > and no magnetic charge. Then components of 
the Faraday tensor read 



(2.2.2) 



= Efe=i £^Jk ^ a;^ - S^j + Oi{r *) 

We define the total angular momentum of the space-time to be 



(2.2.3) a — 

and require the non-extremal condition 

(2.2.4) + < 
to hold. 

(SBS) Define £ := I-(A^™^) nl+(7\/J™^) to be the domain of outer communica- 
tions. We assume that £ is globally hyperbolic and 

(2.2.5) i]ni-(x™'^) = snz+(x™'i) ^ $(r3\uJ^iB0 

where B'^ are balls of radius 1 centered at 6,;, i.e. they are "doubles" of the 
balls Bi. Furthermore, we require that 

$(utiaa;) = ai-(x™^) n 9z+(x™'i) 

in other words, that S passes through the bifurcate spheres of all black 
holes. (Physically this suggests that the black holes are "space-like" rela- 
tive to each other.) We denote by [}° = <^idB^). Write t)+ = dl'iM'''^^) 
and f)- = dX+{M'''"^)] let \f = U*Lif)°, and denote by \]f the connected 
component of f)^ containing f)^. We shall assume each \)f' is a smooth, em- 
bedded, null hypersurface, and require that f)^ and \)~ intersects transver- 
sally at t)^. We remark that the existence of t"" ensures that each t)^ is 
non-expanding, i.e. has vanishing null second fundamental form, and that 
1°" is tangent to each f)^ (see |Won09al Chapter 2] for more detailed discus- 
sion of these facts). We assume that the orbits of are complete in £ and 
are transversal to £ n E. 

(KN) Under the asymptotic flatness, we shall fix S and a by requiring that they 
asymptotically vanish as r -l-oo, and we set fi — M and k = q in 
the definition of Q and B. Fix, once and for all, a coordinate system 
{x°,x^,x^, x'^) in a tubular neighborhood of E such that it agrees with the 
coordinate system at M^'^'^ (perhaps after enlarging Rq) and such that the 



10 



W. W.-Y. WONG AND P. YU 



metric its inverse, its ChristofFel symbols and the Faraday tensor H are 
uniformly bounded in the coordinates. We require the following smallness 
assumption along E: for some e sufficiently small (compared to M, q, a, the 
number i?o, and the uniform bound above) we have the bound 



l"5(7)^(«)(/3)l < e|-Po| 



(2.2.6) ^ |Q(a)(,3)(7)(<5) 

0<Q,/3,7,5<3 0<a,;3<3 O<q,0,7<3 

(recall that Po is defined by ()2.1.9|) ) where d denotes coordinate derivative, 
and (a) denotes coordinate evaluation of the tensor object. 

Our main theorem is 

Theorem 2.2.7 (Non-existence of multi-black- holes) . Under the assumptions ] ( TOP)\ 
d \(KN) i (the number of components of the horizon) must equal 



(AF). (SBS) 



1. In other words, there can only he one black hole. 

Remark 2.2.8. Under the above definitions, we can recover the Einstein-vacuum 
case directly as a corollary. Note that by a priori setting, in the hypotheses to 
Theorem 12. 2. 7( q — Q and taking the Faraday tensor Hab = 0, we restrict ourselves 
to stationary Einstein-vacuum solutions with only vacuum perturbations. 

2.3. Algebraic lemmas. In this section we document some algebraic manipula- 
tions that will be useful in the sequel. Note that unless specified, none of the four 
assumptions (TOP) (AF) (SBS) and (KN) are used. The identities we derive, 
of course, will only hold when both sides of the equal sign are well-defined. Part of 
the bootstrap in the proof of the main theorem shall be demonstrating that all the 
quantities in these identities remain finite and smooth. 

First we note some immediate consequences of Equation p.l.3a[) that measure 
the differences between and T-L in terms of B: 



(2.3.1a) 
(2.3.1b) 

Hence 



2SSab — ^Fab — PoFab 
uFab — Bab = 'i.Pa'Hab 



Po^cFab = 2Vc{^Bab) - liVcFab - ^ cPoFab 

= 2Vc(SSa6) — 2kV c'^Fab — ^^Cdcabf^ 
- 2^(ffic/<7/ - RlCc'gJ)Iefabt'^ 

via the Jacobi equation for the Killing vector field t"-. Thus 



b,d 



2J-"''Ve(56„6) - 2kJ-2VcS - 2^lQdcabF'"'t 

+ ^{F®F)dcabF''h'' - 2fliRlCde9cf - RlCce9df)F'^t'' 



2F"-'^ ci^Bab) 



- 2 P 

2iJiQdcabF''h'' - 2nF^ndct'' + —F^Fdcf 



- AlUdaiB^" ~ i^F^F^c - -HcaiB^" ~ KF^'')Fed]t'' 

2F''''V,{EBab) - 2flQdcabF''''t'' - AiUdaF^c - 'HcaFed)B^''t'' 



2KF^ndct'^ + —F^Fdcf^ 



2,d 



2HiHdcF''t 
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From which we conclude 

(2.3.2) PofT^Ve 

In other words 

2.3.3. The quantity P^a^V dJ""^ / ^(J^) is an algebraic error term. 
Next we show that 
Lemma 2.3.4. The following identities hold: 



4-2 



(2.3.6) = ^{2RV) + |FoP + const. 
also 

(2.3.6') _ 1 ^ J_ _ Kcr|2 _^ ^ _^ ^ (^oj^st^ 

and lastly 

1 

(2.3.7) □- = - — (1 + const. + ct) 

(7 2cr-^ 

S 1 

+ ^J" • B - -^^V{V - na) 
where the constants in (j2.3.7p and ()2.3.6'|) are the same. 

Remark 2.3.8. Under the asymptotic flatness assumption |(AF") our normalization 
convention fixes S and a to vanish at spatial infinity; by definition V also tends 
to zero, while Pq tends to — /x. Hence under this assumption, the free constant in 
(|2X6l) will be I k| 2 - and the constants in (|2.3.6'j) and p.3.7p will both be 0. 

Proof. The first equation (|2.3.5p can be directly derived by appealing to the defi- 
nitions. The second expression follows from 



The computation for (|2.3.6'|) is slightly less trivial: 

Vat" = 2t''^:Fab = --^ {2EVaV ~ P^V ao) 

= -23? (^1^{V - KCj)V a{V ~ na) + Va^ 
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And lastly we observe 
1 



-^^ba^'^t^ H ^^ba^'^'^t^tc 



1 
2^ 



1 



^ba^ " H T-^ t 



2.2 



-.TbaB'"' 



^2 



-aPo 



Applying (j2.3.6^|l we see 
2k(t- 



2a3 



r + cr - 



1 + const. + a- + - kct' 



Combining the expressions we obtain (12.3.71) as claimed. 



□ 



In view of Remark 12.3.81 ^-^id recalling the definition (y + iz) ^ = —a we have 
the following expressions 



Corollary 2.3.9. Under the asymptotic flatness assumption (AF) 

+2 



(2.3.10a) 

(2.3.10b) 
(2.3.10c) 
(2.3. lOd) 



Uy 



(Vyf - (Vzf 
2 l~y 



2y 



^2 y2 ^2 



fj? y"^ + 



fi^iy"^ + z^) 
25R (a{l + a)ci 



23 cr(l + CT)ei 



Where the terms ei, 62, 63 are given by 
^ 4ct4 



(2.3.11) 



ei 



62 



h - 




1 




— e2 


— ScrSes 






1 




— ea 


— SctScs 






■B 





1 



40-4 



V 



1, 

each has the property that its exterior derivative is an algebraic error term up to a 
multiplicative factor of a^'^ . 



The following lemma is a refinement of a proposition first due to Mars in the 
vacuum case |Mar99| (see also Lemma 10 in |Won09b] for a version in charged 
space-times). In order to capture the exact contributions from the error tensors, we 
forgo the tetrad formalisms used by Mars and by the first author in their papers, 
and instead work directly and covariantly with the tensors, improving upon the 
approach taken by Alexakis, lonescu, and Klainerman |AIK10a| . As a consequence, 
the proof is lengthy, and we defer its presentation to Appendix El 
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Lemma 2.3.12 (Main lemma). Define the quantity 21 :— n^{y^ + z^){Vz)'^ + , 
then 2t is "almost constant". More precisely, 



(2.3.13) 



t" 



Qdacbt'^t 



^i^t^iz^aV - z/Vaz)5ei - 5 

zVaZ 



2VaZ^[^V 



Vaz at' + -5(a'Po) 



-V''z(e5)a6 



-(|y-K(T|^- |kct|^)+3 



4^J-,,5R(S6/)V''z- ^3(ei)V,a-i 



where e5 is defined in (IA.4I) m t/ie appendix. Each term on the right hand side 
either contains an algebraic error term, or contains a factor of V or ti, whose 
derivatives are algebraic error terms. 

2.4. Null decomposition. In regions where ^ 0, the Ernst two-form is non- 
degenerate and anti-self-dual, and has two distinct, future directed, principal null 
directions 1°' and which we will normalize to gabl'^l!' = ~1- So there exists a 
complex- valued scalar function / such that 

J'ab — f {Ijb — lalb + abcdl'^ I''') ■ 

Immediately we have T' — —Ap. 

We can then decompose V aV and VqZ by noting that Va(— cr^^) = a^^Fbat'^ ■ 

(2.4.1a) Vay ^±-{l-tla-l- tQ + di [e4 (l-tla^l- tl^ + ISbacdt'^n'^)] 

(2.4.1b) VaZ = ±-ebacdt^rf + S [Zi {l-tla-l- tl^ + tSbacdt'' H'')] 



(2.4.1c) 



e4 



/ 



The ± signs in the above signal two equivalent definitions. We note that for one of 
the choices of signs, the term 64 is "small". Indeed, notice that (//cr^ — l/^)(//o-^ + 
l//i) = —T^/a-^ — l//i^ — — ei. So that for one choice of sign, we have 



(2.4.2) 



|e4|(2M-^-|e4|) <|ei| 



|e4| < A*|ei 



This in particular implies that up to a small error, VaZ is space-like, which will 
imply, via Lemma l2.3.121 that z is almost bounded. 



3. Domain of definition of the function y 

The first step in the proof of Theorem 12. 2 .71 is to establish that the function y is 
well-defined and smooth to the exterior of the black hole. More precisely, we claim 
that 

Proposition 3.0.1. Under the hypotheses of Theorem \ 2.2.7l where the constant 
e in assumption (KN) is taken to be appropriately small, the function a does not 
vanish on E , the closure of the domain of outer communication. In particular, this 
implies that y is smooth on £ and extends continuously to £ . 
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We devote the current section to the proof of the above proposition. As will be 
indicated in p.l.ip we have an asymptotic expansion of |(t| « M/r, hence there is 
some large radius R* (which we fix once and for all) such that the following are 
true: 

(1) (T does not vanish on S \ $ o B{R*); 

(2) for every R > R*, on the boundary $ o dB{R), we have that \a\ « M/R > 
R-\ 

For R> R*, define 

(3.0.2) ro{R) :=M{r e[0,R] : \a\ > R-^ on <P [B{R) \ B{r)]} . 

Note that by construction ro(i?) < R* for all R > R* . It suffices to show that 
there exists R > R* such that ro{R) = 0. We do so by bootstrap: for R > 
V2R* sufficiently large, we show that on $ B{R*) \ B(ro(^)) 
improved estimate 

Icrl > 2R-^ . 



we have in fact the 



3.1. Asymptotic identities. To show that the bootstrap assumptions are satis- 
fied near infinity, we observe that by our assumptions (TOP)| (which ensures that 
t = do in M™'^) and (AF) we can compute the following asymptotic expansions. 
(We remark again that below, the parentheses in the indices denote coordinate 
evaluation in the coordinates induced by $ introduced in assumption (TOP) ) The 
inverse metric is given by 



r 



3 h 



j.k=i 
r 



The Faraday tensor has 



k=l \ 



lrr.1 \ 



which implies that the real part of the potential 2 is Oz{^/r) and the imaginary 
part is 0^{\/r^) (after normalising to vanish at spatial infinity). This means that 
asymptotically F is given just by the contribution of jF. that is 

•^(0)0) = + 03(r-) + . + 03(r-)) , 



k=l m=l 
3 
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Now we can compute a: integrating the expression for T^j we have that 



(3.1.1) a = -— + Oi{r-^) 



This means that y + iz 
(3.1.2a) 

(3.1.2b) 



-c7/\a\^ has 



M 



04(1) , 



k^k 



+ 04(r-i) 



From above, we compute 21 — M'^{y'^ + z^)(Vz)-^ + (see Lemma 12.3.121 and 
assumption (KN)). 

(3.1.3) 



2l=§ + 03(.-) 



4M2 



and we remark that Af^Sl converges to o^, the square of total angular momentum 
(see assumption ( AF) ) . 

We also need to compute . The leading order contribution comes from 

This implies that 



4cr4 



or (see Corollarv l2.3.9l aiid assumption (KN) ) 
(3.1.4) ei=03('-"')- 

3.2. Controlling algebraic errors. Given the control of various quantities at 
spatial infinity by the (AF) [ assumption, we can control the quantities by integrating 
its derivative. More precisely, we have the following lemma for scalar functions: 

Lemma 3.2.1. LetRo,a be fixed positive reals, and suppose that <5 < Rq^"'^^'' . 
Let f he a function defined on such that 

jZ\d,f\<5 

everywhere and 

I/I < Cr-'^ 

on \ B[Rq). Then for the same C as above, 

I/I < (C + l)min(,5^,r-") . 

Proof. Since RqS^^ < 1 by assumption, there exists R > Rq such that RS^^ ~ 1. 
To the exterior of B{R) we have that |/| < Cr^" . To the interior we have by the 
fundamental theorem of calculus 



1/(^)1 < 



/ 



xR 



[R - \x\) ■ \df\ < CR-" + RS=iC + 1)S^ 



□ 
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Remark 3.2.2. The C + 1 is not sharp; the sharp estimate depends on optimising 
B + CB^" for B. For the purpose of this paper, it suffices that (C + f ) — C is a 
universal constant independent of S for S sufficiently small. 

Now we are in a situation to prove 

Proposition 3.2.3 (Main error estimate). Under the assumptions of the main 
theorem, there exists a constant Cq depending only on Af , q, a and a constant Ci 
depending on the uniform bound on g, g^^, the Ghristoffel symbols, and H (see 
assumption \(KN) ) such that the following estimates are true in E \ $ o _B(ro(i?)) 
forR> R*: 

ei < Comin(Clel/2^^r-l) 
e2 < CoCie 

C3 < Comin(C•lel/2i?^r-l) 
e4 < Comin(C•lel/2i?^r-l) 
es < CoCie|Fo| 
F< Comin(Cle^/^^-l) 



< Comin(C•lel/'*i?^r-l) 



Remark 3.2.5. The quantities ei, Z2, ^3 are defined in Corollarv l2.3.91 the definition 
and some basic analysis of e4 appears in Section \2A\ the error term es is defined 
in (jA.4|) and appears in the Main Lemina r2.3.121 and V is the potential associated 
with B as defined in Lemma [2. 1.81 

Proof. In the following <o,^i denote that the left hand side is bounded by the 
right hand side up to multiplicative constants Co and Ci respectively. (The Co, Ci 
can change from line to line in the proof.) 

For ei, by the defining condition p.0.2p for ro{R) (upon whose value we will 
bootstrap), by Lemma [2. 3. 31 and by the assumption |(KN)] we have 

|aei|<i eR' 

and the decay condition 

|ei| <o 

which implies by Lemma 13.2.11 

|ei| <o mmiCie'/^R\r-') . 

This immediately implies the same bound for C4. (See Section [5^) 
For Z2, it follows directly from the definition that 

|ei|<i^. 

Similarly, 65 can be directly bounded by ^^-Cie. 

For V, its derivative is a direct error term, hence \dV\ < CoCie. Its decay rate 
is Co/r, which implies by Lemma 13.2.1 1 that 

|y| <o min(CoCiei/2,r-i) . 

An estimate for ea can be directly obtained from the estimate for V , if we use 
the bootstrap assumption p.0.2p . However, this will lead to a term where R is not 
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paired against e, which will cause difficulties for closing the bootstrap argument. 
Instead, we estimate it directly from its derivatives: from the product rule we have 
that 

l^eal < CoCiRh . 

On the other hand, we know that the asymptotic behaviour of 63 can be read-off 
from (I3.1.4P and that of V, that is asymptotically jeaj <o r^^. This implies via our 
technical lemma again 

lesi <o min(CoCii?V/2,r-i) . 

Lastly we estimate 21. From the asymptotic behaviour computed in the previous 
section, we have that at the asymptotic end 21 — (o/Af)^ <o r~^. Its derivative we 
estimate using Lemma 12.3.121 where the following points are observed: 

• The terms y, z are size or R^. 

• The terms Vy and Vz are size j^Wa or Cii?**. 

• The term V we (roughly) estimate by CqCiE^/^. 

• The term Ci we (roughly) estimate by CqCic^^'^R'^. 
This gives us 



|Va2t| < 



4/i 



2 

2 ■ ~" \ „2p 



V 



zVaZ 



2cim' 



Vaz at' + -3(a"Po) 



-i\V - K<7\' -\Ka\')+^ 



4m 



y''z{C5)ab 



< CoCi [R'h + i?*ei/2 + i?iOei/2 + rW,i/2 + ^6^1/2 ^ ^12^ ^ ^12^ ^ ^8^1/2 

< CoCii?12gl/2 

where we used that e will be small and R large. Integrating using Lemma l3.2.1l we 

get 



21 



f- 



< Comin(Cli?^l/^r-l) . 



□ 



Applying the above estimates to Corollary I2.3.9( we obtain immediately the 
following 

Corollary 3.2.6. The following almost identities are true: 

2 l-y 



(3.2.7a) 
(3.2.7b) 

(3.2.7c) 



(Vz) 



M2 + z^ 



M2(y2 + ;22) 



^2(y2 ^. ^2) 



< CqCiR^e^/^ 
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3.3. Closing the bootstrap. To close the bootstrap, that is, to obtain the im- 
proved decay estimate \a\ > 2Br^ for sufficiently small e and sufficiently large R 



on the domain Ej^ := $ 



B{R*)\B{ro{R)) 



Wff := Ejj n {\a\ < AR-'^}. Consider first (|2.3.6'|) . By studying the asymptotic 



it suffices to consider the domain 



limit, we have that the constant term is 0. On Wp^ then we have 

+ < CoR-^ + CoCie^^^ . 

So for sufficiently large R > 3R* (now depending on Cq) and sufficiently small e 
(now depending on Co and Ci) we have that < — 1/2. In particular the Killing 
vector field is time-like. Now using that t{y) — t{z) — 0, we have that Vy and Vz 
are space-like in Wj^. 

Since Ej^ has compact closure, we have that Wj^ has compact closure. Using 
that ^2 < _i/2 on this set, we have that Yf^=l \dt(T~'^\ < Ci [|(Vz)^| + KVy)^]]. 
The right hand side we bound by Corollarv l3.2.6[ and the fact that in Wj^ we have 
the upper bound (2/2 + ^s^-i = |cr|2 < iQR-i, This leads to 

3 

(3.3.1) l^^^^'l ^ ^oC^i(l + + R^e^'^) 

i=l 

SO the fundamental theorem of calculus, integrating from the boundary of where 
\<t\ > 4^"2, gives that 

< + CoCi(l + R-^ + R^e^/^)R* 

< ^_ CoCiR + CoCiR-^ + CoCi^^e^/^ 

where the R* denotes the maximum coordinate distance one has to integrate (since 
Wpi C$0 B{R*)). By choosing R sufficiently large, and 

(3.3.2) e^/^ < ^ 
we can bound the right hand side 

(3.3.3) < 
as desired. 

Remark 3.3.4. The value R > R* > Rq is chosen to be sufficiently large relative to 
the constants Co and Ci measuring the sizes of the asymptotic M, q, a and uniform 
bounds on the metric etc. The value e is now required to be sufficiently small 
relative to Co, Ci, and R, which implies that e only needs to be sufficiently small 
relative to Co and Ci . See also assumption (KN)[ 



Remark 3.3.5. After the bootstrap argument above, R should be considered a fixed 
constant depending on Cq and Ci. That is to say. it is understood that the right 
hand sides of the almost identities in Corollar v 13.2.61 can be made arbitrarily small 
by choosing sufficiently small e. 
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4. Proof of the Main Theorem 

Now that we know the function y can be smoothly defined on the entirety of our 
partial Cauchy surface S and extended smoothly past the horizons \f' , we can study 
the local behaviour of y near a bifurcate sphere f)?. We will, in fact, demonstrate 
that 

• ?; is almost constant on the bifurcate sphere, and 

• y increases as we move off the horizon. 

One expects that, given that the local deviation of our space-time from the Kerr- 



Newman solutions is not too large (as required by assumption (KN) see also 



Theorem I2.1.4p . the constant which approximates y on the bifurcate sphere is 
— — q^], the value taken by y on the corresponding Kerr-Newmaii 
black hole. For the Kerr-Newman solution, this value is also the largest value of 
y at which the function y can attain a critical point; this is captured in Lemma 
12.1.101 In the case under consideration in this paper, we instead use the approxi- 
mate identities of Corollarv l3.2.6l to conclude that at critical points of the function 
y, the value of y cannot be too much greater than its value on the horizon. To- 
gether with the above two bullet points and a mountain-pass lemma, we can derive 
a conclusion which morally states that y cannot have a critical point in the domain 
of outer communications, and hence there must only be one black hole. 
In the sequel we implement the above heuristics in detail. 



4.1. Near horizon geometry. We wish to study the behaviour of y near the bi- 
furcate spheres; without loss of generality we consider a small neighborhood of \)\ 
in (see Assumption |(SBS)| for definitions) . We begin by establishing a dou- 
ble null foliation of the neighborhood and briefly recalling some implications of a 
non-expanding horizon (for more detailed discussion please see [AIKlOal lAIKlObI 
IWon09a| ). In the sequel we will always implicitly work in a small neighborhood of 
f)°, whose smallness depends on M, q, o, and the uniform bounds on the metric, its 
inverse, the ChristofFel symbols, and the Faraday tensor in Assumption | (KN)] but 
independent of the smallness parameter e. 

Along f)f let be future-directed geodesic generators of the respective null 
hypersurfaces. We choose to normalise g{L^,L^) = —1 on t)5. Along \)f we 
define the functions by L^{uf) = 1 and u^|(,o = 0. The level sets of 
are topological spheres, and are space-like surfaces. Extend to tjf to be the 
unique future-directed null vector orthogonal to the level sets of and satisfying 
g{L^,L^) = —1. Now extend off t}f geodesically, and declare L^{u^) = 0. 
This defines a double-null foliation with associated null vector fields in the 
neighborhood of i)^. 

Along l)f the null second fundamental form g{VxL'^,Y) = —g{L'^,\'xY) (for 
X,Y vector fields tangent to i:)f) vanishes identically due to the horizons being 
non-expanding (see, e.g. |Won09al §2.5]). This implies that ■ oc along the 
horizons: 

nf{X,L^)=g{S/xt,L^)=0 , 

and the imaginary part follows once it is realised that the Hodge dual of A X 
can be written as A Y for some Y also tangent to t}f. Furthermore, Raychaud- 
huri's equation then guarantees that H ■ cx along the horizon, using that 
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mc{L^,L^) = {n ■ L^)a{n ■ L^Y [WonOOai §2.5]. Together these imply (via the 
definition (|2.1.ip ) that are in fact the null principal directions of on t)?. 

Furthermore, observe that since is tangent to \:y^ which intersect transversely, 
we must have is tangent to \)\. This implies that g{L^,t) — along t)^. 



Proposition 4.1.1. For e sufficiently small, along 



My ~ [m + - a2 - 



< .1/4 



Remark 4.1.2. The quadratic polynomial y^ ~ 2y + ° plays a recurring role in 
our argument. We note that the two roots to the polynomial are 



^ (m ± v/M2 - a2 - g2 



That we need to ensure the existence of two distinct roots, one larger than, and one 
smaller than 1 is why sub-extremality is assumed in (AF)[ (Of course, the extremal 



Kerr-Newman black holes have very different horizon geometry, and we should not 
expect an analysis based on the bifurcate spheres to carry over in that case.) 

Remark 4.1.3. The proposition and its proof are largely the same as Lemma 4.1 in 
[AIKlOaj ; we sketch the proof here for completeness. 

Proof. Since along f)]* are the null principal directions of we can apply the 
results of Section 12.41 In particular, we have that the orthogonality of to the 
Killing vector field t on the horizons implies the exact identity (that the following 
two equations do not contain error terms is very important in the sequel) 

(4.1.4a) L+(y) = i+(z) = on f)+ , 

(4.1.4b) L-(y) = L-(z) = on f)j; . 

These imply that on ()5 

(4.1.5) Way - 3? [u4ebacdtHL-nL+f] 

is of size e^/^ by Proposition 13.2.31 and Remark 13.3.51 This implies that (V?/)^ — 
0{e^^^). So using Corollary 13 . 2 .61 we obtain that along the horizon 

a^+f I ,,2 _ r, 

A'P{y^ + z2) "^^^ ' ■ 

By the bootstrap argument, we have that {y'^+z'^)~^ is bounded above by a constant 
depending only on Co,Ci (see Remark 13.3.51 again), hence we have that on f)5 

^^-2y+^ = 0(.V4). 

Observe further that by (|4.1.5I1 . if X,Y are vector fields tangent to f)']', we have 
that 

X{Y{y)) = 3fJ [iX{u)e{t, Y, L-,L+) + iuX{e{t, Y, L", i+))] . 
From the definition of in Section 12.41 we see immediately that Vae4 can be 
controlled by Ci and VqCi. That is to say, we have that the Hessian of y along \)\ 
is also of order e^/^. 

This gives two possibilities: either jy — < e^/* or \y — y-\ < e^^^; it suffices to 
eliminate the second alternative. To do so we consider the first inequality in Corol- 
lary [32111 Provided e is sufiiciently small (especially compared to a/ Af ^ _ ^2 _ g2 ■) ^ 
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that \y — y-\ < e^/** along \)\ would imply < in a small neighborhood of the 
bifurcate sphere. We use this fact to show that y must decrease as we move off the 
horizon. 

Define y by setting y — y along i)^ . and requiring that L^y ~ 0. This guarantees 
that in a small neighborhood of f)", y is bounded by supf|0 y. Using that the Hessian 
of y tangent to \)\ is also an error term, this implies that jDyj < e^/*; that is to say, 
the main contribution to □?/ comes from L~ {L~^y). Using that y and y agree on ()^, 
we can write y = y + u^u^y where y is a smooth function in a small neighborhood 
of f)". Furthermore, on f)" we have that □(y ~ y) — —"^y, hence along f)" we have 

1-y 



y 



< fl/2 



M2(y2 + z2) 
and in particular for all e sufficiently small 

^'^"^ 2M'(y2 + .2) >2g^>0- 

By continuity, on a sufficiently small neighborhood of ijf we have that y > Ch- 
Now using that in the domain of outer communications, by construction we have 
u'^u^ < 0, this implies that 

y<y + u+u-y <y- + 0(e^/'') - |m+u" |Cft, 

in the small neighborhood of l)^. Now consider all points in this neighborhood for 
which —u~^u~ > (5 > for some fixed S. Then for all e sufficiently small, at these 
points we have y < y^ — ^ChS. By the asymptotic behaviour of y (growing to +oo), 
this implies that ylsnf achieves a minimum value that is at most y_ — \Ch5. But 
this implies (using that is transverse to E n 5) that y attains a critical point at 
a value y_ — ^ChS, which is impossible for sufhciently small e by Corollary 13.2.61 
This concludes the proof that y must be close to y_(. on the horizon. □ 

Remark 4.1.6. The same argument in the contradiction step of the proof can be 
used to show that, given y is close to y+ on the horizon, there exists some topological 
sphere in S n £ that encloses i)1 and some S > [S depends on M, q, a, and the 
uniform bounds on the metric, its inverse, its Christoffel symbols, and the Faraday 
tensor) such that restrict to that sphere y > y^. + 25 > sup[,o y + 6 provided e is 
sufhciently small. 

4.2. Concluding the proof. Having established our technical results about the 
behaviour of y near the horizon sphere [)5 (and hence by symmetry for any f)°), 
we conclude our main theorem by appealing to a finite dimensional mountain pass 
lemma (see Appendix IB|) . 

Proof of Theorem \2.2.7\ Assume, for contradiction, that there are at least two 
black holes. By Proposition 14.1.11 and Remark 14.1.61 we know that for sufficiently 
small e, we can find S > such that y|(,o < y+ + 5 and there exists a topological 
sphere S C O £ such that f)? and f)2 are in disjoint subsets of E \ S* and such 
that y\s > y+ + 2(5. By the asymptotic growth of y we know that y satisfies the 
Palais-Smale condition. So applying Lemma IB. II to the function y on the manifold 
(E n £) U y attains a critical point in E D f where the value of y is at least 
y+ + 26. Using that is transverse to E n £, again we have that Vy = there. For 
sufficiently small e this leads to a contradiction with Corollarv 13.2.61 together with 
Remark Elia □ 
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Appendix A. Proof of the Main Lemma 

In this appendix we shall give the proof of Lemma 12.3. 12| which claims that 
2t = jjp' [y^ + z^){y z)^ + is "almost constant". We start directly with the definition 

(A.l) Va2t = 2fi'^{yVay + zVaZ)(Vz)2 + 2zVaZ + 2//2(j;2 z^)V''zVaVbZ . 

The focus will be on the third term in the expansion, which contains the Hessian 
of z. Therefore we compute ^cr~^. 

Next use 

= Tcb'^at" + 4" (2Va(SScf,) - 2KVaSJ-cb) 

- {Cdacb + {RiCd'gJ - RiCa^gJ) lefcb) 

We can expand I by the definition, use Einstein's equation p.O.lap to replace the 
Ricci tensor, and use the definitions (12.1. 3ap and (j2.1.3bl) to obtain that 

VaVbCr ^SVaSch + -^Qdacbt'^f 

-TQ -To 

= ^J'cbA^ + ^J^cbh^ + ^V^SVfcS + -{J'^J^)dacbt''t^ 

- -^-^ {ndinjgab - UdiUbgac - UaiUcgab + naiUbgcd) 

^ {iTi'^''£eacb'Hdl ~ i'H'^'' £ edcb'H al) ■ 

For the terms in the last line, we can use the identity for self-dual two-forms 

(A. 2) iX'^'^Ewyzk = gw^yz + gy^zw + gz'^wy 

which gives 



i'H^^Eeacb'Hdl — iTi."^^ E edcbHal) 



2^itH'^ 



{T~iacHbd — 2'HdaT~icb ^ T~l-dbT~l-ac — T~l-dcHba + T~iabT~idc 



Po 

where by (anti)symmetry, after the contraction against tH'^, the last two terms in 
the parenthesis evaluate to zero. Hence we can simplify 

VaVfefT ^SVaSct + -^Qdacbf^f^ 

^0 ^0 

= ^J'cbPa" + ^J^cbPa" + ^VaSVfcS + - {F ® F) dacbtH'' 
- ^ (VS • V^gab + ■HalUb't' - V'^Ublta - V'mialtb) 

Po 
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In the following we will also group terms proportional to tb on the left-hand-side of 
the expression, since in (jA.ip . the V a^bz term is multiplied against V''z, and we 
have that i;,V''z = by our assumption that i is a symmetry. 
Directly expanding the terms 

we arrive at 

VaVfofJ-l + -^VaBcb ~ -^Qdacbft'^ + T^^'ia^fc + -^V^Ualtb 

(A.3) = -aVaCT^'Vfaa-^ + -^Th^gab - ^J'cb (A" + Pa 

To apply to (jA.ip . we next multiply (IA.3P by V''2: = -3V''cr"^ We first consider 
the terms on the last line, where the expression inside the parenthesis is real- valued. 
So we can consider multiplication by Vcr^^ instead of by Vz. Observe that 

VaSVfcS + VfcSVaS - VS • VEgab + VEHblta - HalHbt^ 
1~L^ 1~L^ t t ■ {Qap9bq9rm9 sn ~l~ 9bp9aq9rm9sn 

9pq9a'b9r'm9sn 9a'p9bq9'>Tin9rs 9bq9rs9ari9p'>n} 

since the last two terms in the parenthesis has a grs product, we can apply (|2.0.3p 
to swap the p and q indices 

— 1~L^ t t • {9a,p9bq9rm9sn H" 9bp9aq9rm9sn 

9pq9ab9rm9sn ~ 9a'q9bp9'>Tin9rs 9bp9r 39(1^9 qfn) 

9bp9cLq9rm9sn 9pq9a'b9rm9sn 9(iq9bp9'mn9rs 9bp9rs9cL'n9q'm) 

[ithesis, we have that --^j:prj:qs ^ 
by using (j2.1.3ap . So we define the algebraic error term 



Inside the first parenthesis, we have that -^^^^j^prj^qs _|_ -^pry^qs error term 



(A.4) (e5)a6 = ( nP'n^' - —^''^'^ ] i"^" • (gapgbqgr 



KK 

9bp9aq9rm9sn 9pq9cLb9rm9sn 9aq9bp9mn9rs 9bp9r 39(1^19 qrn) 

We next consider the left-over term given by J^p'^J^^^, Using that V^cr"^ = 
(y~^^ubt^: we consider 

JI^P J7 t^t t {^9 0-p9bq9rm9 sn 

9bp9o.q9rm9sn 9pq9a.b9rm9sn 9aq9bp9Tnn9rs 9bp9rs9a'n9qfn^ 

The first and the third terms inside the parenthesis cancel each other. We can use 
product property f|2.0.4p with gip to obtain 

— ^ t t t {Sia-q9rm9 STL 9aq9mn9rs 9rs9an9qra) • 
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The first two terms cancel each other, and the third vanishes as T is antisymmetric. 
From this we conclude that 

V''Z (VaSVfeS + VfeSVaS - VS • VS.g„b + V'SHwia - HalHb't'') = V^z(e5)a6 

is essentially an algebraic error term. 

Next we consider the third term on the right hand side of (jA.3P . We can replace 
by using p. 3. lap , and have 

where 

TT T7 C ^ -7-2 

■J^hc-^ a ^ ■^'^ 9ab 

and using that Thc?a^ is real valued, we have 

1 



Now 



here we can use (|2.3.5p and get 



SO we get, using p.3.10ap from Corollarv l2.3.9[ 



2^ 



3(ei)Va(T 



-1 , ^0^2 ^2 



8^0-4 



Next, we can consider adding in the second term on the right-hand side of (|A.3p . 



and expanding Pq = ^ ^^c) — M from the definition, 

^ TH^^aZ + T^-^'«3 {o'^Pq) ^aZ 



(ei - n '^)VaZ 



ar + -3 -Va 



fi \iJ. 



-a — ficr 



where Zi is as defined in Corallarv l2.3.9l 



= (ei-/i"')krV,z 



y ■ 



a — /i— 
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Noting that V is controllable by Lemma [2.1.8| and using (|2.3.6'|) to replace t'^, we 
have 



+ --V 



A* 



/I a 



{y-lz)[—\V 



1 



(T 



1 



(y- 



\V -Ka\ 



CT + + 1 + i3 



I \2\ ■ (-2y) . 2yz 



The first term is purely real: recalling that for our purpose we are interested in the 
imaginary part of this expression, its contribution will appear with a factor of Ci. 
The second and fourth terms are controlled by Lemma 12.1.81 the last two terms 
cancel. So essentially we are only left with the third term, —iz. In other words, up 
to some controllable errors, the imaginary part of the sum of the second and third 
terms on the right-hand side of (jA.3P contributes ^'"^ z\a\'^V aZ , which corresponds 
precisely to the second term on the right-hand side of (jA.l|) . 

Lastly, we deal with the first term on the right-hand side of (|A.3p . We directly 
compute that 

-(jVa(y^^Vb(J-^V''z = |crp(2/Va2/ + zV aZ - izV aV + iyV az){V byV"" z + i{VzY) 

= \c7\^iiyVay + zVaZ){Vz)^ 

^2 

— \(T\'^i{z\/ aV ~ yVaz) — 3ei + real-valued terms . 

The first of the terms corresponds to the first term on the right-hand side of (|A.ip , 
and the second term gives the error. 

So, collecting everything into one expression, we have that 



-^aBc 



V 



(A.5) 



^l^t^{zVay-y'^az)^tl 

zVaZ , 



2eiM2 



11- 



-i\V- 



-V''z(e5)a6 



-r^Tcb^(:iBa )V Z 3(ei)VaCr 



Appendix B. A mountain pass lemma 

The mountain pass theorem is perhaps most well known for its application in 
calculus of variations in the form given by Ambrosetti and Rabinowitz |AR73| ; but 
a finite dimensional version goes back at least to Courant in 1950 |Cou77| . Here 
we give (for not being able to find the exact statement needed elsewhere) a version 
that is similar in statement to Katriel's topological mountain pass theorem [Kat94] 
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but with a proof following Jabri |Jab03[ Chapter 5] and Nicolaescu (Nic07| Chapter 
2]. 

Lemma B.l. Let S denote a (possibly non-compact) finite dimensional connected 
smooth paracompact manifold with boundary, with S its interior and dS the (pos- 
sibly empty) boundary. Suppose we are given f € C°°(S', M) H C'^(S^,M) such that 
f~^((—oo,a]) is compact for any a € R (the Palais-Smale condition). Suppose 
further that there exists two real values s_ < s+ and a closed subset C C. S such 
that 

• f\ds < 

• f\c > s+; 

• C separates S with at least two of the connected components intersecting 
{f<^-}- 

Then f attains a critical point in S where the critical value is at least s+. 

Proof. Let 5*1, S2 be two components of {/ < s_} separated by C (in the sense that 
every connected set containing both Si and 6*2 must intersect C; the pair is guar- 
anteed to exist by assumption). Consider the collection F of compact, connected 
subsets of S that contains 5*1 U 52- Let ?7i : F — > M be defined by m{T) — supj, /. 
Let (T„) be a minimising sequence for m on F. Observe that since each r„ nC 7^ 
necessarily m(T„) > s+. Noting that U°^f.Tj C {/ < m{Tk)} is a closed subset of 
a compact set, the limiting set Too — n^]^U°^j,Tj is compact as the intersection of 
a decreasing family of compact sets, and we have that 

s+ < m{Too) < m{T) VT G F . 

Let W = {x ^ Too '■ f{x) — to(Too)}, we show that W contains a critical point 
using gradient flow: fix, once and for all, a smooth Riemannian metric g on S. Then 
as W is compact, \df\g attains a minimum a on W . If a = we are done. Suppose 
a 7^ 0, let ?7 be a non-negative bump function supported inside {2m{Too) > f > 
{s+ -\- S-)/2,\df\g > a/2} with 7y|vy = 1. Then under the flow of -r]Vf, Too is 
mapped to another connected compact subset T' of ^. Since — ?/V/ vanishes on 
S'l, 52, the set T' e F. But since -r?|V/|^ < and -ri\Vf\l\w < < 0, we have 
that the flow strictly decreases m, that is m{T') < f{W) = m(Too), which leads to 
a contradiction. □ 
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